A mathematical model was developed which accounts for the influence of nonuniform current distribution on the impedance response of a rotating disk electrode. Results obtained using this two-dimensional model were compared against those using the one-dimensional model for impedance developed by Tribollet and Newman. The one-dimensional model was found to be adequate when kinetic limitations cause the current to be uniformly distributed. Significant differences between the one-dimensional and two-dimensional models were seen for fast reaction kinetics where the nonuniform ohmic potential distribution is balanced by a nonuniform concentration overpotential.
Frequency-domain techniques are commonly employed in the study of electrode kinetics and mass transfer in electrolytic solutions. While the information obtained is similar to that from transient techniques, better resolution of physical processes can be achieved because the noise level in frequency-domain measurements can be made extremely small. [1] [2] [3] A second advantage of the frequency domain techniques over transient techniques is that the KramersKronig relations can be used to identify instrumental artifacts or changes in baseline properties. [4] [5] [6] [7] The uniform accessibility of the rotating disk at the mass-transfer-limited current makes it an attractive tool for frequency-domain techniques. Significant effort has been expended on developing analytic formulae for the impedance response of a rotating disk electrode. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] A comparative study of the application of these models to interpretation of impedance spectra has been presented by Orazem et al. 20 A one-dimensional numerical model for the impedance response of a rotating disk electrode which accounted for the influence of a finite Schmidt number was presented by Tribollet and Newman. 21 This model accounts for effects associated with kinetics, mass-transport, and ohmic potential drop within the bulk of the solution under the assumption that the disk can be treated as being uniform. The first two terms in the Cochran 22 expansion for the axial component of fluid velocity were included in the convective diffusion equation. Tribollet et al. 18 reported that the errors in the calculated Schmidt numbers caused by assuming an infinite Schmidt number, i.e., by neglecting the second and higher terms in the axial velocity expansion, could be as high as 24% for a Schmidt number of 1000. This result was confirmed by regression of various masstransfer models to impedance data. 20 Mathematical models have been developed which account for frequency dispersion associated with the nonuniform potential distribution on the disk electrode, [23] [24] [25] [26] but to date, no comparable model has been developed for the influence of nonuniform mass transfer on the impedance response. Appel and Newman 27 provided a preliminary mathematical development, valid for an infinite Schmidt number, that could be used as part of a model for the influence of radially dependent convective diffusion on the impedance response. Appel used this approach to calculate the radial distribution of impedance, but results were presented only for a single dimensionless frequency due to numerical difficulties associated with implementation of the model. 28 The growing popularity of the rotating disk electrode system in the use of frequency-domain techniques motivates development of sophisticated models for interpretation of experimental data. For some systems, even in the presence of excess supporting electrolyte, the distributions of current and overpotential on the electrode surface can be significantly nonuniform in the steady-state domain. 29 The objective of this work was to provide development of a two-dimensional model for electrochemical impedance response of a rotating disk electrode that accounts for nonuniform ohmic potential drop, and surface and concentration overpotentials.
Theoretical Development
The formulation for the two-dimensional impedance model results from applying a sinusoidal perturbation about the steady-state solution presented in Ref. 29 . The development that follows is valid under the assumptions of either a binary electrolyte or an excess of supporting electrolyte. The capacitance was assumed to be uniformly distributed across the surface of the disk electrode throughout the present analysis. This assumption was justified by calculation, in the absence of specific adsorption, of a uniform capacitance for the ferri/ferrocyanide redox system considered for this work. 29 Assumption of a uniform capacitance is also consistent with the experimental results reported by Deslouis and Tribollet. 30 Convective diffusion.-For a small sinusoidal perturbation in potential of frequency , the response can be assumed to be linear, and all the variables involved oscillate with the same frequency of . Each variable can be written in the form ϭ ෆ ϩ Re{ ϳ e jt } [1] where ෆ is the steady-state or baseline value of , ϳ is the complex amplitude of perturbation, which is a function only of position, t is time, is frequency, and j ϭ Ίෆ Ϫ1. Thus, the concentration of the reacting species can be written as [2] where c ෆ and c ϳ are functions of radial and axial position but are not functions of time. Incorporation of concentration perturbation terms in the unsteady-state convective diffusion equation and cancellation of the steady-state terms yields [3] where v r and v z are the radial and axial components of the velocity of the fluid and D is the diffusion coefficient of the species of interest. The velocity components, v r and v z were given by where a and b are the coefficients from Cochran's expansion for the radial and axial velocities for the rotating disk electrode system, ⍀ is the rotation rate of the disk electrode, and is the kinematic viscosity of the electrolyte. Upon substitution of Eq. 4a and b into Eq. 3 [5] where Sc is the Schmidt number of the species of interest, the dimensionless frequency K is given by [6] and coefficients B and C are given by [7] respectively. The dimensionless axial distance, , is given by [8] For the steady-state case, a series expansion, 31, 29 was used for the expression of concentration of the reacting species, c ෆ(r, ), such that [9] where c ϱ is the bulk concentration of the reacting species, A m values are the coefficients to be determined from the steady-state calculations, and m () is the axially dependent function obtained from the steady-state solution. A similar expansion, employed in the present work, was obtained from Eq. 9 by a small perturbation analysis which ignored second and higher-order terms, i.e. [10] where A In particular, for ϭ 0, Eq. 15 is [16] The boundary condition from the steady-state calculations is that m (0) ϭ 1. The condition that surface concentration c ϳ 0 be independent of frequency is obtained with ⌿ ϳ m (0) ϭ 0. The function ⌿ ϳ m () modifies the concentration field with respect to the steady-state concentration field. At zero frequency, the concentration field is exactly the steady-state concentration field. At intermediate frequencies the effect of the second term in Eq. 15 is increasingly important. When the frequency tends toward infinity, the first term is negligible with respect to the second, and the usual Warburg behavior is obtained. The boundary conditions for Eq. 14 are [17] and [18] The boundary condition at r ϱ results from the observation that the imposed perturbation should have no effect on the parameter values far away from the electrode surface.
The boundary conditions for the homogeneous part of Eq. 14 are given by [19] and [20] Following the approach of Levart and Schuhmann, 13 the solution to the homogeneous part can be expressed as a polynomial series of Sc Ϫ1/3 . By retaining two terms accounting for the finite Sc correction, ⌿ ϳ m,h can be represented by [21] Hence, the homogeneous part of Eq. 14 can be expressed by three ordinary differential equations, i.e.
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The real and imaginary parts of Eq. 22a-c comprise a system of six simultaneous ordinary differential equations subject to boundary conditions
[23b]
and
Equations 22a-c were solved using Newman's BAND algorithm. 32 The solution to the nonhomogeneous equation, Eq. 14, was obtained in terms of the homogeneous solution, ⌿ ϳ m,h , by the reductionof-order method, 33 i.e. [24] where [25] and where K 1 and K 2 are constants to be determined by evaluation of the boundary conditions. Equation 24 can be written as [26] From boundary condition 17, K 2 ϭ 0. From boundary condition 18, [27] Equation 27 could also be obtained by requiring that the solution be finite as r ϱ.
Evaluation of the impedance response requires the derivative of ⌿ ϳ m with respect to at the electrode surface, which is given by [28] or, in terms of
The remaining development is given in terms of
Conditions on current.-The current density on the electrode surface is constrained by mass-transfer and kinetic considerations. 
Mass transport.-The normal current density resulting from the concentration gradients at the electrode surface for the steady-state case is given by [30] where i ෆ f is the normal current density from concentration gradients or from the mass transport, t is the transference number of the reacting species, n is the number of electrons produced when one reactant ion or molecule reacts, and F is Faraday's constant. Similarly, the fluctuation in normal current density is given by [31] where ϳ Ј m (0) is given by Eq. 29. The interfacial overpotential resulting from convective diffusion is the concentration overpotential given by [32] where c is the concentration overpotential, R is the universal gas constant, T is the temperature of the electrolyte in kelvin, and N er is the number of equivalents of reactant per electron produced/consumed. In the case of sinusoidal perturbation [33] Kinetics.-The current resulting from the kinetic contribution can be equated to the current resulting from the mass transport, as was done for the steady-state case. The steady-state expression for the current due to the kinetic contribution is [34] where i 0 is the exchange current density, ␣ and ␤ are the anodic and cathodic transfer coefficients, respectively, and ␥ is the composition dependence of the exchange current density. The corresponding expression for the response to a sinusoidal perturbation is given by [35] The capacitive contribution to the current density is given by [36] In this work, C dl was assumed to be independent of radial position.
Potential.-Far from the electrode surface, Laplace's equation
applies, where ⌽ is the ohmic potential. Hence, for the perturbed case, the equation transforms to where z ϭ r 0 and r ϭ r 0 Ίෆ (1 ϩ 2 )(1 ෆ Ϫ 2 ). The boundary conditions for Eq. 39 were that ∂⌽ ϳ /∂ ϭ 0 at ϭ 0 (on the annulus), ⌽ ϳ ϭ 0 at ϭ ϱ (far from the disk), and ⌽ ϳ is well defined at ϭ 1 (on the axis of disk). The solution of Eq. 39 satisfying these boundary conditions can be expressed as
where B ϳ n are coefficients to be determined, P 2n () are Legendre polynomials of order 2n, and M 2n () are Legendre polynomials of an imaginary argument satisfying [41] and the boundary conditions, M 2n ϭ 1 at ϭ 0 and M 2n ϭ 0 at ϭ ϱ. On the surface of the disk electrode, i.e., at ϭ 0
Under the assumption of a steady state, the current density was related to the normal component of the potential gradient at the electrode surface 29, 31 [43] The total current density is given by [47] where i ϳ C is given by Eq. 36 and the total potential is given by [48] where V ϳ is the perturbation in potential applied to the system.
Numerical Procedure
The numerical procedure adopted for obtaining current and potential distributions in the frequency domain is discussed in this section. The steps provided were used to obtain distributions for a given frequency, and the calculations were repeated over a range of frequencies of interest 1. The steady-state distributions for concentration, current, various overpotentials, and other parameters of interest such as Am,˜˜Ṽ 29 This calculation included correction for a finite Schmidt number. 2. The solution to the homogeneous part of the convective diffusion equation was obtained adopting Newman's BAND algorithm for a given set of frequencies. A Simpson's one-third rule in combination with Simpson's three-eighth rule was used to evaluate the integral in Eq. 28, and a value of ϭ 10.0 was used to represent the value for ϱ, as the perturbations dissipate at this distance. The accuracy of the solution can be increased using an adaptive integration technique. Use of adaptive integration should be especially important for calculations at high frequencies.
3. In a manner consistent with the approach used for the steadystate solution, guessed values for A where l is varied from 0 to 10 and a ϳ l are complex coefficients. By making use of the orthogonal properties of Legendre polynomials, a ϳ l coefficients were obtained as 
Results and Discussion
Direct comparison can be made for the same set of parameters between the results of the two-dimensional model developed in the present work and those for a one-dimensional model developed by Tribollet and Newman. 21 For all calculations presented in this section, a value of 35 F/cm 2 was used for the double-layer capacitance. This value is consistent with experimental results. 30 Other physical parameters used are given in the subsequent sections. Agreement between the two models is expected under conditions for which the current distribution is uniform (slow kinetics or near mass-transfer limitation). The one-dimensional model is expected to be inadequate for nonuniform current distributions.
Uniform current distribution.-From steady-state calculations, an a priori assessment of the uniformity of current distribution can be obtained from dimensionless parameters [56] which provides the relative value of kinetic and ohmic contributions to the system resistance, and [57] which provides the relative value of mass-transfer and ohmic contributions. The influence of these parameters on the uniformity of distributions can be seen in Fig. 8 Calculated results are presented in Fig. 1 for an exchange current density of 3 mA/cm 2 and a diffusion coefficient value of 0.3095 ϫ 10 Ϫ5 cm 2 /s. Other parameters used in these simulations are those corresponding to the values for the reduction of ferricyanide system as reported in Ref. 29 . Equations 56 and 57 yield J ϭ 0.225 and N ϭ 0.0695. From the calculations presented in Fig. 1 , it can be seen that a significant high-frequency loop results due to the kinetic effect. Steady-state calculations for this case showed that the current distribution had less than a 1% variation across the electrode surface.
For small values of J and N, it is expected that results from the two-dimensional model developed here should be in agreement with the calculations performed for the one-dimensional case. Comparisons between the one-dimensional model of Tribollet and Newman 21 and the present two-dimensional model are presented in Fig. 2 . The discrepancy between the two models at high frequencies was attributed to numerical instabilities seen in the two-dimensional model at high frequencies. However, for most of the frequency spectrum, the normalized differences were less than 3%. This result illustrates that the one-dimensional model is adequate for cases where kinetic effects play a dominant role. Similar agreement between the one and two-dimensional model was seen for larger exchange current densities (larger values of J) as the mass-transfer-limited current density is approached (N r 0) .
The one-dimensional model did not provide an adequate representation of the impedance response for a disk electrode below the mass-transfer-limited current for large exchange current densities. The values for the exchange current densities and the diffusion coefficients used in this section are those required to match the values of experimentally obtained impedance spectra. 34 A comparison between the two models is presented in Fig. 3 for a rotation speed of 120 rpm at one quarter of the mass-transfer-limited current density (J ϭ 2.247 and N ϭ 0.0695). Even at this low rotation speed, where the steady-state current density at the center of the disk is 97% of the average value, considerable disparity was observed between the one-dimensional and two-dimensional models. This result is consistent with the observation that even small nonuniformities in the steady-state domain can become significantly important in the frequency domain. The one-dimensional model did not adequately describe the system behavior as reaction kinetics became fast. A similar comparison is presented in Fig. 4 for 3000 rpm at one-quarter of the mass-transfer-limited current (J ϭ 7.489 and N ϭ 0.3552). The discrepancy is larger due to the increased value of N.
For the same value of J as was used in Fig. 3 , the disparity between the two models for a rotation speed of 120 rpm was reduced significantly when calculations were obtained at three-quarters of the mass-transfer-limited current, as shown in Fig. 4 . The agreement is observed because the distributions are more uniform near mass- transfer limitation. At 3000 rpm, however, the two models do not agree, even near the mass-transfer-limited current (see Fig. 5 ). In this case, J ϭ 5.617 and N ϭ 0.5874. The discrepancy between the two models can be attributed to the larger value of N. The influence of nonuniformities becomes more significant with an increase in rotation speed.
Another perspective on the two-dimensional character of the disk impedance response at large N can be seen from the radial distributions of the real and imaginary parts of local impedance given in Fig. 6 for the conditions of Fig. 4 and 5. The distributions are shown for dimensionless frequencies K ϭ 1 and K ϭ 2.8. The increased nonuniformity of the local impedance at 3000 rpm results in the discrepancy seen between the one-and two-dimensional models.
A surprising result of the work presented by Orazem et al. 20 was that the one-dimensional model of Tribollet and Newman 21 for impedance of a rotating disk fit the data to almost within the noise level of the measurement, even for conditions where the present work would indicate that a two-dimensional model would be required. Their result can be explained by regressing the one-dimensional model to impedance spectra calculated using the two-dimensional model presented in the present work. The results of the regression are presented in Fig. 7 for the 120 rpm, three-quarters of mass-transferlimited current comparison shown in Fig. 4 . The quality of the fit was extremely good. The relative residual errors are compared to the noise level of the measurements in Fig. 7d and e. The relative residual error for the imaginary part is on the order of 1% of the imaginary impedance and on the order of 0.4% for the real part. The quality of the fit is such that it would be difficult to use regression to experimental data to distinguish between the two-and one-dimensional models. The principal difference between the two models was that the one-dimensional model provided a Schmidt number 7% higher (1780 as opposed to 1660 for the two-dimensional model). Similar results were obtained for all examples presented here. The regressed Schmidt numbers were as much as 22% higher than the expected value in cases where the discrepancy between models was very significant. 34 The present work illustrates that a good fit for the one-dimensional model does not imply that the model is adequate to describe the physics of the system. Due importance should be attached to the role of nonuniform current distributions for the assessment of electrochemical impedance data for cases where J and N are large. Conclusions A two-dimensional mathematical model for the impedance response of a disk electrode was developed on the basis of the coupling between convective diffusion in a thin diffusion layer, Laplace's equation for potential in an outer region, and electrode kinetics. The influence of a finite Schmidt number, which is critical in the frequency domain, was taken into account by including three terms in the axial and radial velocity expansions. A uniform distribution of capacitance was assumed in the development of the model, and this assumption was supported by experimental observations reported in the literature for ring-disk measurements 30 and by preliminary calculations. 29 Reliable results were obtained for dimensionless frequencies less than 1000. Use of improved integration strategies could extend the frequency range.
The nonuniform current distribution observed below the masstransfer-limited current has a significant effect on the impedance response of a rotating disk electrode when electrode kinetics are fast. One-dimensional models apply when kinetic or mass-transfer limitations make the current distribution more uniform. Discrepancies between the one-and two-dimensional models were observed under conditions where the steady-state current density at the center of the disk was 97% or less of the average value.
Under conditions yielding a nonuniform current distribution, the one-dimensional model may provide an adequate fit to the data, but the physical parameters obtained by regression will be incorrect. In Figure 6 . Distributions for local impedance values for dimensionless frequencies of K ϭ 1 and K ϭ 2.8. The parameter values are those given in Fig. 4 and 5. 
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